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We show that the inherently large interatomic interactions of a Bose-Einstein condensate (BEC)
can enhance the sensitivity of a high precision cold-atom gravimeter beyond the shot-noise limit
(SNL). Through detailed numerical simulation, we demonstrate that our scheme produces spin-
squeezed states with variances up to 14 dB below the SNL, and that absolute gravimetry measure-
ment sensitivities between 2 and 5 times below the SNL are achievable with BECs between 104 and
106 in atom number. Our scheme is robust to phase diffusion, imperfect atom counting, and shot-
to-shot variations in atom number and laser intensity. Our proposal is immediately achievable in
current laboratories, since it needs only a small modification to existing state-of-the-art experiments
and does not require additional guiding potentials or optical cavities.
Atom interferometers provide state-of-the-art mea-
surements of gravity [1–7] and gravity gradiometry [8–
13]. Future applications of cold-atom gravimetry are
wide ranging [14], including inertial navigation [15–
17], mineral exploration [18–20], groundwater monitor-
ing [21], satellite gravimetry [22, 23], and weak equiva-
lence principle experiments that test candidate theories
of quantum gravity [24–26]. These applications require
significant improvements to cold-atom gravimeters: im-
proved precision [27], increased stability [28], increased
dynamic range [29], increased measurement rate [30], and
decreased size, weight, and power (SWaP) [31–33].
Quantum entanglement offers a promising route to im-
proved cold-atom gravimetry, since it enables relative-
phase measurements below the shot-noise limit (SNL).
Metrologically-useful entanglement has been generated
in large cold-atom ensembles via atom-atom [34–40] and
atom-light interactions [41–44], with sub-shot-noise atom
interferometry demonstrated in proof-of-principle exper-
iments [45–51]. However, no quantum-enhanced (sub-
shot-noise) atom interferometer has demonstrated any
sensitivity to gravity, even in laboratory-based proof-
of-principle apparatus. The key challenge is that most
methods of generating entangled atomic states are in-
compatible with the stringent requirements of precision
gravimetry. Cold-atom gravimeters require the creation
and manipulation of well-defined and well-separated
atomic matterwave momentum modes [52, 53]. Although
entanglement generation between internal atomic states
is relatively mature, no experiment has shown that entan-
glement between internal states can be converted into en-
tanglement between well-separated, controllable momen-
tum modes suitable for gravimetry. There are promis-
ing proposals for creating squeezed momentum states for
atom interferometry [54–57], however these require atom
interferometry within an optical cavity which, whilst pos-
sible [58], is technically challenging and not always viable
(e.g. low-SWaP scenarios). Even if entangled momentum
states are available, this does not guarantee that they can
be achieved with large atom number sources, nor that a
high degree of coherence can be maintained between mo-
mentum modes for significant interrogation times.
In this Letter, we propose a quantum-enhanced
ultracold-atom gravimetry scheme that operates in free
space. Our scheme uses the large interatomic colli-
sions of a Bose-Einstein condensate (BEC) to generate
metrologically-useful entanglement via one-axis twisting
(OAT) [59, 60], a nonlinear self-phase modulation which
can reduce the relative number fluctuations between two
well-defined momentum modes. It does not require ad-
ditional guiding potentials or optical cavities, making it
suitable for low-SWaP scenarios. Our scheme requires
only a small modification to existing state-of-the-art ex-
periments, so is immediately achievable in current labora-
tories. We show that significant spin squeezing is attain-
able for large atom numbers and that this spin squeezing
results in a useful improvement to absolute gravimetry
sensitivity. We further show that our scheme is robust to
phase diffusion and common experimental imperfections,
including imperfect atom counting and shot-to-shot vari-
ations in atom number and laser intensity.
Gravimetry with a BEC.— Commonly, an atomic
Mach-Zehnder (MZ) is used for gravimetry, where state-
changing Raman transitions act as beamsplitters (pi/2
pulses) and mirrors (pi pulses) [61]. Raman transitions,
achieved with two counter-propagating laser pulses of
wavevector kL, coherently couple two internal states |1〉
and |2〉. Transitions from |1〉 to |2〉 impart 2~kL mo-
mentum to the atoms, giving the momentum separation
needed for gravimetry. For N uncorrelated atoms a uni-
form gravitational acceleration can be measured with
single-shot sensitivity ∆g = 1/(
√
Nk0T
2), where k0 is
the component of 2kL aligned with gravity and T is the
time between pulses (interrogation time) [61].
There are advantages to using BECs for precision
gravimetry. A BEC’s large coherence length and narrow
momentum width enables high fringe contrast [7, 62], im-
proves the efficiency of large momentum transfer beam-
ar
X
iv
:2
00
5.
00
36
8v
1 
 [q
ua
nt-
ph
]  
1 M
ay
 20
20
2gAtom
 counter
Free expansion Measure gravity(a)
z
t
T TTexp
A
tom
 counter
BS1 M1 BS2 M2 BS3
Spin squeezing Measure gravity(b)
T TTOATTOAT
(c)
Jz
Jy
OAT BS3M2
Jz
Jy
Jz
Jy
Jz
Jy
Jz
Jy
BS1 BS2
Initial state
Spin-squeezed 
state
Reduced Var(Jz)      
at output
(Jˆz)
t = 0 t = 2TOAT t = 2(TOAT + T )
FIG. 1. (a) Space-time diagram illustrating SNL gravimetry
with a BEC. Unwanted interatomic interactions are reduced
by freely expanding the BEC for duration Texp. A pi/2-pi-pi/2
Raman pulse sequence then creates a MZ interferometer of
interrogation time T . The two interferometer modes corre-
spond to internal states |1〉 (red) and |2〉 (blue) with ~k0 mo-
mentum separation. (b) Quantum-enhanced ultracold-atom
gravimetry. During initial expansion duration Texp = 2TOAT,
the BEC’s interatomic interactions generate spin squeezing
via OAT. (c) Bloch sphere representation of state during
quantum-enhanced gravimetry.
splitting [63, 64], and mitigates many systematic and
technical noise effects [65, 66]. However, a BEC’s large
interatomic interactions are generally considered an un-
wanted hinderance. Interatomic collisions couple number
fluctuations into phase fluctuations, causing phase diffu-
sion which degrades sensitivity [67, 68]. Consequently,
the effects of interatomic collisions are minimized by
freely expanding the BEC prior to the MZ’s first beam-
splitting pulse [Fig 1(a)], which converts most of the col-
lisional energy to kinetic energy. This reduces phase dif-
fusion and gives excellent mode matching (required for
high fringe contrast), since the BEC’s spatial mode is
largely preserved under free expansion [69, 70].
Quantum-enhanced gravimetry with a BEC.— Our
scheme, depicted in Fig. 1(b), is a modification of the
standard MZ. Instead of ‘wasting’ the strong interatomic
interactions during this initial expansion period, our
scheme exploits them with a ‘state-preparation’ interfer-
ometer that generates spin squeezing via OAT. Repre-
senting the state as a Husimi-Q distribution on the Bloch
sphere [71, 72], OAT causes a shearing of the distribution
[Fig. 1(c)]. The second beamsplitter (BS2) rotates the
distribution such that it is more sensitive to phase fluc-
tuations within the interferometer, resulting in reduced
relative number fluctuations at the output. Necessar-
ily, BS2 is not a 50/50 beamsplitter, with the relative
population transfer dependent on the degree of squeez-
ing. Unlike trapped schemes, where interatomic collisions
cause unwanted multimode dynamics that make it diffi-
cult to match the two modes upon recombination [73],
a BEC’s spatial mode is almost perfectly preserved un-
der free expansion, even for large atom numbers and
collisional energies. The two modes are therefore well-
matched throughout the interferometer sequence. Fur-
thermore, since the collisional energy is converted to ki-
netic energy during expansion, the interatomic interac-
tions effectively ‘switch off’ after ∼ 10ms, minimizing
their effect during most of the interferometer sequence.
For T  TOAT, our scheme enables a gravity measure-
ment with sensitivity [74]
∆g =
ξ√
Nk0T 2
=
1√
Nk0T 2
min
θ,φ
(
NVar(Jˆθ,φ)
〈Jˆpi
2 ,φ+
pi
2
〉2
) 1
2
, (1)
where ξ ≡ minθ,φ ξθ,φ is the spin squeezing parame-
ter [60, 75] and Jˆθ,φ = sin θ sinφJˆx + sin θ cosφJˆy +
cos θJˆz. Here Jˆi =
1
2
∫
drψ†(r)σiψ(r) are pseudospin
operators, where σi are the set of Pauli matrices, ψ(r) =
(ψˆ1(r), ψˆ2(r)e
ik0z)T with ψˆ1(r) and ψˆ2(r) field opera-
tors describing the BEC’s two internal states |1〉 and
|2〉, respectively, and i = x, y, z. Since [ψˆi(r), ψˆ†j (r′)] =
δijδ(r − r′), [Jˆi, Jˆj ] = iijkJˆk with ijk the Levi-Civita
symbol. Physically, Jˆz is proportional to the population
difference between the two internal states, whilst Jˆx and
Jˆy encode coherences between the modes. Eq. (1) shows
that our scheme is capable of high precision, quantum-
enhanced gravimetry provided ξ < 1, which is a sufficient
condition for spin squeezing [76].
Analytic model of spin squeezing.— In what follows,
we assume Raman pulse durations much shorter than
the timescale for atomic motional dynamics. Typical
atom interferometers operate in this regime, allowing us
to treat the Raman coupling as an instantaneous beam-
splitter unitary Uˆθ,φ [53]:
Uˆ†θ,φψˆ1Uˆθ,φ = cos(
θ
2 )ψˆ1 − ieiφ sin( θ2 )ψˆ2eik0z, (2a)
Uˆ†θ,φψˆ2Uˆθ,φ = cos(
θ
2 )ψˆ2 − ie−iφ sin( θ2 )ψˆ1e−ik0z, (2b)
where θ and φ are the beamsplitting angle and phase,
respectively.
Typical spin squeezing models approximate ψˆ1(r) ≈
u1(r)aˆ1 and ψˆ2(r) ≈ u2(r)eik0zaˆ2, where bosonic modes
aˆi correspond to the two interferometer paths [34].
This neglects the effect of imperfect spatial-mode over-
lap on the spin squeezing, which can be substan-
tial [73]. Here, we assume ψˆ1(r, t) = u1(r, t)aˆ1 +
vˆ1(r, t) and ψˆ2(r, t) = u2(r, t)e
ik0zaˆ2 + vˆ2(r, t), where∫
dr |ui(r, t)|2 = 1 and vˆi(r, t) are ‘vacuum’ opera-
tors satisfying vˆi(r, t)|Ψ〉 = 0 and [vˆi(r, t), vˆ†j (r, t)] =
δi,j
(
δ(r− r′)− ui(r, t)u∗j (r′, t)
)
[77].
3We calculate ξθ,φ at t = 2TOAT immediately before
BS2, with the best spin squeezing ξ achieved by op-
timizing θ and φ in the unitary Uˆθ,φ for BS2. The
BEC’s evolution between pulses approximately corre-
sponds to OAT Hamiltonian HˆOAT(t) = ~χ(t)jˆ2z , where
jˆz =
1
2 (aˆ
†
1aˆ1 − aˆ†2aˆ2), χ(t) = χ11(t) + χ22(t) − 2χ12(t),
and χij(t) =
gij
2~
∫
dr |ui(r, t)|2|uj(r, t)|2, with gij =
4pi~2aij/m and s-wave scattering lengths aij [74].
In the linear squeezing regime, the minimum spin
squeezing is [74]
ξ2 ≈ 1−
1
2 |Q|Nλ(
√
4 + |Q|2N2λ2 − |Q|Nλ)
|Q|2 , (3)
where λ ≡ ∫ 2TOAT
0
dt′χ(t′) and Q ≡ |Q|eiϕ =∫
dru∗1(r, 2TOAT)u2(r, 2TOAT). Physically, |Q| quantifies
how well the interferometer modes aˆ1 and aˆ2 are spa-
tially matched at BS2 (t = 2TOAT), with |Q| = 1 indi-
cating perfect spatial overlap. Minimum spin squeezing
requires θ ≈ 3pi2 − 12 tan−1 [2/(N |Q|λ)] and φ = −ϕ for the
BS2 unitary [78]. Since λ > 0, Eq. (3) shows that ξ < 1
always, provided good mode overlap |Q| is maintained.
We estimate Q and λ by numerically solving the two-
component Gross-Pitaevskii equation (GPE) for mean-
field wavefunctions Ψi(r, t) and identifying ui(r, t) =
Ψi(r, t)/
√
N [74]. For concreteness, we take |1〉 and |2〉
as the |F = 1,mF = 0〉 and |F = 2,mF = 0〉 hyper-
fine states, respectively, of 87Rb with (a11, a22, a12) =
(100.4, 95.0, 97.66)a0 and k0 = 2kL = 1.61 × 107m−1
(780nm D2 transition). Figure 2 illustrates the key ad-
vantages of our scheme by plotting how χ(t), λ(t) =∫ t
0
dt′χ(t′) and |Q(t)| = | ∫ dru∗1(r, t)u2(r, t)| vary during
the interferometer sequence. All three scattering lengths
are of similar magnitude, so during the short duration
where the two modes are strongly overlapped, χ(t) is
almost zero and little spin squeezing is produced. How-
ever, the two modes rapidly separate (∼ 1 ms) whilst
the interatomic interactions are still significant, substan-
tially increasing λ(t). Most of this increase occurs over
the next 10 ms; after this, free expansion rapidly reduces
the collisional energy and therefore χ(t). Fortunately,
this expansion is self-similar, largely preserving the mode
shape, allowing high spatial-mode overlap (|Q| ∼ 1) at
the interferometer output.
Spin squeezing results.— Although this analytic model
provides qualitative insights into our scheme’s viability,
quantitative modelling requires a multimode description
that, unlike the GPE, incorporates the effect of quan-
tum fluctuations. This description is provided by the
truncated Wigner (TW) method, which has successfully
modelled BEC dynamics in regimes where nonclassical
particle correlations become important [79–87]. In this
approach, the BEC dynamics are efficiently simulated by
a set of stochastic differential equations (SDEs), with av-
erages over the solutions of these SDEs corresponding to
symmetically-ordered operator expectations [74].
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FIG. 2. Analytic spin squeezing model parameters deter-
mined from a GPE simulation of our scheme up to t = 2TOAT,
with TOAT = 20ms and an N = 10
4 atom BEC initially pre-
pared in a spherical harmonic trap of frequency 50Hz. (a) Ef-
fective squeezing rate χ(t) (blue, solid) and squeezing degree
λ(t) (orange, dashed). (b) Mode overlap |Q(t)|. (Bottom)
Normalized density slices at radial coordinate r = 0.
Figure 3 compares the spin squeezing parameter com-
puted from our analytic model Eq. (3), with λ and |Q|
determined from 3D GPE simulations, to a direct compu-
tation of ξ via 3D TW simulations. We consider two sce-
narios: an initial spherical BEC prepared in a spherical
harmonic trap of frequency 50 Hz [Fig. 3(a)] and an ini-
tial ‘pancake’ BEC prepared in a cylindrically-symmetric
harmonic trap with frequencies (fr, fz) = (32, 160)Hz in
the radial and z directions [Fig. 3(b)]. Although the an-
alytic model correctly captures the atom-number depen-
dence, it overestimates the degree of squeezing by roughly
a factor of two. An exception is for the largest atom num-
bers considered in the spherical case, where TW predicts
much worse squeezing. For these atom numbers, the in-
teratomic interactions are sufficiently strong such that
intercomponent scattering strongly degrades the mode
overlap, even though the clouds are initially overlapped
for only ∼ 1ms [Fig. 3(e) and (f)]. This is not seen in
the GPE simulations [Fig. 3(c) and (d)] which neglect
spontaneous scattering processes that clearly matter. In
contrast, for an initially pancake-shaped BEC that is spa-
tially tight in z, the two modes spatially separate on a
timescale much faster than the spherical case. This mit-
igates the effect interatomic interactions have on mode
matching [Fig. 3(g) and (h)], allowing significant squeez-
ing even for N = 106 atoms.
Simulation of full interferometer sequence.— Although
the spin squeezing parameter shows that our scheme pro-
duces significant spin squeezing, it does not confirm that
this spin squeezing leads to a more sensitive measure-
ment of g. Residual interatomic interactions may fur-
ther degrade mode overlap during the remainder of the
interferometer sequence and can couple to quantum fluc-
tuations in Jˆz, causing phase diffusion [67, 68]. Both
effects may degrade the sensitivity from the value pre-
dicted by Eq. (1). We confirm that these effects are not
significant in our scheme by simulating the full interfer-
ometer sequence and directly computing the sensitivity
via ∆g2 = Var(Jˆz)/(∂〈Jˆz〉/∂g)2. 3D TW simulations of
4FIG. 3. Minimum spin squeezing parameter ξ for TOAT =
10ms and atom number N . In (a) the BEC is initially pre-
pared in a spherical harmonic trap (fr = fz = 50Hz), whereas
in (b) an initial ‘pancake’ BEC is prepared in a cylindrically-
symmetric harmonic trap (fr = 32Hz, fz = 160Hz). TW
simulations are compared to Eq. (3) with model parameters
determined from GPE simulations (‘3D GPE’). (c)-(h) Den-
sity profiles for N = 106 at t = 2TOAT. The analytic model
fails here for the spherical BEC case since spontaneous scat-
tering degrades mode overlap.
the full interferometer sequence are computationally in-
feasible, since they require prohibitively large grids and
numbers of trajectories [88]. Instead, we use an effective
1D TW model for these simulations, which assumes a
Thomas-Fermi radial profile that self-similarly expands
according to scaling solutions [74]. As shown in Fig. 3,
this model perfectly agrees with 3D TW simulations ex-
cept for the largest atom numbers.
Our scheme’s sensitivity for an initial pancake BEC
of N = 104 atoms and T = 60ms is shown in Fig. 4.
Although phase diffusion degrades the sensitivity for
small TOAT, its effect rapidly reduces for increasing
TOAT, becoming negligible for TOAT & 15ms. We com-
pare our scheme to two SNL cold-atom gravimeters
with the same initial BEC and total interferometer time
2(TOAT + T ): (1) the conventional BEC gravimeter de-
picted in Fig. 1(a) (MZ with initial Texp = 2TOAT period
of free expansion) and (2) a MZ with no initial period
of free expansion, thereby having an increased interro-
gation time T + TOAT. As expected, the former has
negligible phase diffusion, attaining the ideal SNL result
∆g = 1/(
√
Nk0T
2). The latter suffers from considerable
phase diffusion, far outweighing the benefit of increased
interrogation time. Our scheme outperforms both SNL
gravimeters, demonstrating the clear benefit of using the
initial 2TOAT period to produce spin squeezing.
Experimental imperfections.— Finally, we assess the
effect of three common experimental imperfections.
(i) Shot-to-shot fluctuations in laser intensity.— Al-
though the laser pulse intensity is stable during a sin-
gle interferometer run, it can vary between experimental
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FIG. 4. 1D TW calculations of sensitivity ∆g for an N = 104
atom BEC initially prepared in a cylindrically-symmetric har-
monic trap (fr = 32Hz, fz = 160Hz). From top to bottom:
(red) MZ with total interrogation time T + TOAT (no initial
period of free expansion), (green) BEC undergoes free expan-
sion for duration 2TOAT, followed by MZ of interrogation time
T [Fig. 1(a)]; (magenta) quantum-enhanced BEC gravime-
try [Fig. 1(b)]; (blue) Eq. (1) with ξ computed via TW. All
four cases have the same total duration 2(TOAT + T ) with
T = 60ms. The SNL for an ideal MZ of interrogation time T
(dashed) and T +TOAT (dot-dashed) are marked for compari-
son. Our quantum-enhanced scheme always outperforms MZ
schemes, even when phase diffusion is non-negligible.
runs [89]. Such shot-to-shot intensity fluctuations cause
an offset δθ to the angle of all beamsplitters and mir-
rors in that run, where δθ varies from shot-to-shot [50].
To first order, δθ ≈ 2∆f , where ∆f is the fractional
change in the population ratio due to imperfect beam-
splitting (e.g. ∆f = 0.02 means that a 50/50 beamsplit-
ter is instead performed as a 48/52 beamsplitter). We
simulated the full interferometer sequence assuming that
all five laser pulses suffered from Gaussian-distributed
shot-to-shot fluctuations δθ of variance σ2θ . As shown
in Fig. 5(a), these shot-to-shot fluctuations have a rela-
tively small effect on ∆g, since common rotation errors
from the different pulses largely cancel.
(ii) Shot-to-shot fluctuations in atom number.— The
optimal rotation angle θ for BS2 depends on the atom
number, N . This cannot be known precisely and varies
10-20% for different experimental runs [7, 62]. Conse-
quently, θ will deviate from the optimum from shot-
to-shot, degrading ξ. We quantify this by assuming
Gaussian-distributed shot-to-shot atom number fluctua-
tions about mean N0 with variance σ
2
N . To leading order
ξ(σN ) . ξ + 12|Q|2 (σN/N0)2 [74], so shot-to-shot atom
number fluctuations weakly impact the spin squeezing.
This is confirmed by TW simulations [Fig. 5(b)].
(iii) Imperfect atom detection.— We model imper-
fect detection resolution as a Gaussian noise of variance
(∆n)2, corresponding to uncertainty ∆n in the measured
atom number. Imperfect detection increases the vari-
ance in Jˆz, giving poorer sensitivity ∆g
2 = (Var(Jˆz) +
∆j2z )/(∂〈Jˆz〉/∂g)2, where ∆jz = ∆n/
√
2 [90]. Then ∆g
is given by Eq. (1) with modified spin squeezing param-
eter ξ(∆n)2 ≈ ξ2 + (2/N)∆n2 [91]. Figure 5(a) plots the
dependence of ξ on ∆n. Although the requirements are
stringent, they are achievable and comparable to other
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FIG. 5. The effect on our scheme of (a) Gaussian shot-to-shot
beamsplitting angle fluctuations of variance σ2θ , (b) Gaussian
shot-to-shot atom-number fluctuations of variance σ2N , and
(c) imperfect atom detection of resolution ∆n. Here N = 104,
TOAT = 10ms, with an initial BEC prepared in a cylindrically-
symmetric harmonic trap (fr = 32Hz, fz = 160Hz). In (a)
the sensitivity was obtained via 1D TW simulations of the full
interferometer (T = 60ms), whereas (b) and (c) computed the
spin squeezing parameter from 3D TW simulations.
spin-squeezing experiments. For example, [92] reports
∆n ∼ 8 for an N = 5× 105 atom ensemble, which would
minimally impact our scheme’s sensitivity.
Conclusions.— We have presented a scheme for
quantum-enhanced gravimetry that exploits a BEC’s in-
herently strong interatomic interactions, rather than sim-
ply removing them through an initial free expansion pe-
riod. This scheme allows high-precision gravimetry up to
a factor of five below the SNL and is robust to a range
of experimental imperfections. Concretely, a quantum-
enhanced gravimeter with N = 106 and ξ = 0.2 is
equivalent to a SNL gravimeter with N = 2.5 × 107 –
a challenging atom number to attain with current cool-
ing methods [65]. Equivalently, for a fixed sensitivity,
ξ = 0.2 allows a five-fold reduction in device size, en-
abling the more compact gravimeters needed for low-
SWaP scenarios. Larger values of k0, obtainable via
Bragg pulses [5], could reduce the initial period of time
where the two modes are overlapping. This would further
reduce the deleterious effect of spontaneous scattering at
large N , potentially allowing more significant degrees of
spin squeezing. Since our proposal operates in free space,
requiring only a small modification to existing laboratory
setups, it provides a path towards realizing quantum-
enhanced cold-atom gravimetry in the immediate future.
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SUPPLEMENTAL MATERIAL: HIGH PRECISION, QUANTUM-ENHANCED GRAVIMETRY WITH A
BOSE-EINSTEIN CONDENSATE
In this supplemental material we provide (1) a derivation of the gravitational sensitivity (Eq. (1) of the main text),
(2) details of our analytic model of spin squeezing, culminating in a derivation of Eq. (3) of the main text, (3) details of
our numerical Gross-Pitaevskii equation (GPE) simulations, (4) details of our 3D truncated Wigner (TW) simulations,
(5) a derivation of our effective 1D TW simulation model and details of our full interferometer simulations using this
effective model, and (6) an analytic calculation showing that shot-to-shot fluctuations in the total atom number only
weakly degrade the spin squeezing parameter.
DERIVATION OF GRAVITATIONAL SENSITIVITY, EQ. (1)
Here we show that our scheme can be used to measure gravity at a sensitivity given by Eq. (1) of the main text.
Our derivation uses the pseudospin operators
Jˆx =
1
2
∫
dr
(
ψˆ†1(r)ψˆ2(r)e
−ik0z + ψˆ1(r)ψˆ
†
2(r)e
ik0z
)
, (4a)
Jˆy = − i
2
∫
dr
(
ψˆ†1(r)ψˆ2(r)e
−ik0z − ψˆ1(r)ψˆ†2(r)eik0z
)
, (4b)
Jˆz =
1
2
∫
dr
(
ψˆ†1(r)ψˆ1(r)− ψˆ†2(r)ψˆ2(r)
)
, (4c)
which satisfy [Jˆi, Jˆj ] = iijkJˆk, where ijk is the Levi-Civita symbol. The beamsplitter unitary Uˆθ,φ, defined by
Eqs (2) of the main text, transforms the pseudospin operators as
Uˆ†θ,φJˆxUˆθ,φ = cosφ
(
cosφJˆx − sinφJˆy
)
+ cos θ sinφ
(
sinφJˆx + cosφJˆy
)
− sin θ sinφJˆz, (5a)
Uˆ†θ,φJˆyUˆθ,φ = − sinφ
(
cosφJˆx − sinφJˆy
)
+ cos θ cosφ
(
sinφJˆx + cosφJˆy
)
− sin θ cosφJˆz, (5b)
Uˆ†θ,φJˆzUˆθ,φ = sin θ
(
sinφJˆx + cosφJˆy
)
+ cos θJˆz. (5c)
Geometrically, the beamsplitting operation corresponds to a rotation of the spin vector Jˆ = (Jˆx, Jˆy, Jˆz) by some angle
α about some axis s: Uˆθ,φ = exp[−iα(θ, φ)Jˆ · s(θ, φ)]. In particular, Uˆθ,0 = exp(−iθJˆx) (i.e. a rotation about the
Jx-axis by angle θ) and Uˆθ,−pi/2 = exp(−iθJˆy) (i.e. a rotation about the Jy-axis by angle θ).
We model the effect of a uniform gravitational acceleration g over interrogation period T as a relative phase shift
ϕ = gk0T
2 between the modes: ψˆ1(r) → ψˆ1(r) exp(−iϕ/2), ψˆ2(r) → ψˆ2(r) exp(iϕ/2). In terms of the pseudospin
operators, this corresponds to a rotation about the Jz-axis by angle ϕ:
eiϕJˆz Jˆxe
−iϕJˆz = cosϕJˆx − sinϕJˆy, (6a)
eiϕJˆz Jˆye
−iϕJˆz = sinϕJˆx + cosϕJˆy (6b)
eiϕJˆz Jˆze
−iϕJˆz = Jˆz. (6c)
In the freely-falling frame, the BEC’s evolution between beamsplitting pulses is given by the Hamiltonian
Hˆ =
∑
i=1,2
∫
dr ψˆ†i (r)
(
− ~
2
2m
∇2
)
ψˆi(r) +
∑
i,j=1,2
gij
2
∫
dr ψˆ†i (r)ψˆ
†
j (r)ψˆj(r)ψˆi(r), (7)
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where gij = 4pi~2aij/m for s-wave scattering lengths aij . The unitary corresponding to this evolution is: Uˆevo(t, t0) =
exp[− i~Hˆ(t−t0)]. This operation causes both self-similar expansion of the BEC and the spin squeezing in our scheme.
This is shown more clearly below in subsection ‘One-axis twisting due to interatomic interactions’, however for now
it is sufficient to keep this unitary general.
Our scheme, depicted in Fig. 1(b) of the main text, begins with all N atoms in internal state |1〉 (i.e. a Jˆz eigenstate
at the top of the Bloch sphere). The operations defining our scheme are:
1. [BS1] A pi/2-pulse coherently prepares a 50/50 superposition of atoms in state |1〉 (momentum p) and state |2〉
(momentum p+~k0zˆ). This is a pi/2 rotation about the Jy-axis (Uˆpi/2,−pi/2) and results in a coherent spin state
polarized along the Jx-axis.
2. The BEC evolves according to Uˆevo(TOAT, 0).
3. [M1] A pi-pulse coherently reflects the two atomic matterwaves at t = TOAT (pi rotation about Jx-axis: Uˆpi,0).
4. The BEC evolves according to Uˆevo(2TOAT, TOAT). At t = 2TOAT the self-similar expansion of the BEC means
that the interatomic interactions are negligible. Therefore, for t > 2TOAT, Uˆevo only causes a propagation phase
shift which cancels at the final beamsplitter.
5. We include the effect of gravity from t = 0 to t = 2TOAT by applying a φ1 = k0gT
2
OAT rotation about the Jz-axis:
exp(−iφ1Jˆz).
6. [BS2] At time t = 2TOAT, the second beamsplitter Uˆθ,φ prepares a phase sensitive state (i.e. a state with
minimum variance in Jˆy).
7. [M2] A second pi-pulse is applied at t = 2TOAT + T (pi rotation about Jx-axis: Uˆpi,0).
8. We include the effect of gravity from t = 2TOAT to t = 2TOAT + 2T by applying a φ2 = k0gT
2 rotation about
the Jz-axis: exp(−iφ2Jˆz).
9. [BS3] At t = 2TOAT + 2T , when the two matterwaves are spatially overlapping, a final pi/2 pulse with phase
φBS3 (−pi/2 rotation about Jx: Uˆ−pi/2,φBS3 ] recombines the two matterwaves. As shown below, the additional
phase shift φBS3 adjusts for the gravitational phase shifts φ1 and φ2 and BS2 phase shift φ.
The overall unitary describing this scheme is therefore
Uˆtotal = UˆlinearUˆnonlinear, (8)
where
Uˆnonlinear = Uˆevo(2TOAT, TOAT)Uˆpi,0Uˆevo(TOAT, 0)Uˆpi/2,−pi/2, (9a)
Uˆlinear = Uˆ−pi/2,φBS3e
−iφ2Jˆz Uˆpi,0Uˆθ,φe−iφ1Jˆz . (9b)
Here Uˆnonlinear includes operations 1 - 4 above, which is independent of g and is nonlinear in the pseudospin operators.
In contrast, the unitary Uˆlinear includes operations 5 - 9 above, and consists entirely of linear rotations. This allows us
to derive an expression for the sensitivity with respect to operator expectations taken at time t = 2TOAT (immediately
before BS2).
Assuming a number-difference (Jˆz) measurement at the interferometer output, the sensitivity to a gravitational
acceleration is given by the usual linear error propagation formula:
∆g =
√
Var(Jˆoutz )
|∂〈Jˆoutz 〉/∂g|
, (10)
where Jˆouti ≡ Uˆ†totalJˆiUˆtotal for i = x, y, z. Denoting JˆOATi ≡ Uˆ†nonlinearJˆiUˆnonlinear, it is not too difficult to show that
Jˆoutz = CxJˆ
OAT
x + CyJˆ
OAT
y + CzJˆ
OAT
z , (11)
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where
Cx = sin(φ2 + φ+ φBS3) cos(φ1 + φ) + cos(φ2 + φ+ φBS3) sin(φ1 + φ) cos θ, (12a)
Cy = sin(φ2 + φ+ φBS3) sin(φ1 + φ) + cos(φ2 + φ+ φBS3) cos(φ1 + φ) cos θ, (12b)
Cz = − cos(φ2 + φ+ φBS3) sin θ. (12c)
The signal slope is therefore
∂〈Jˆoutz 〉
∂g
=
∂Cx
∂g
〈JˆOATx 〉+
∂Cy
∂g
〈JˆOATy 〉+
∂Cz
∂g
〈JˆOATz 〉, (13)
where
∂Cx
∂g
= −k0
[ (
T 2 − cos θT 2OAT
)
cos(k0gT
2 + φ+ φBS3) cos(k0gT
2
OAT + φ)
+
(
cos θT 2 − T 2OAT
)
sin(k0gT
2 + φ+ φBS3) sin(k0gT
2
OAT + φ)
]
, (14a)
∂Cy
∂g
= k0
[ (
T 2 − cos θT 2OAT
)
cos(k0gT
2 + φ+ φBS3) sin(k0gT
2
OAT + φ)
− (cos θT 2 − T 2OAT) sin(k0gT 2 + φ+ φBS3) cos(k0gT 2OAT + φ)], (14b)
∂Cz
∂g
= k0T
2 sin(k0gT
2 + φ+ φBS3) sin θ. (14c)
The variance Var(Jˆoutz ) can also be calculated using Eq. (11) and Eqs. (12), although we do not present the full
expression here as it is not particularly illuminating. However, choosing φ = −k0gT 2OAT + φ′ and φBS3 = −k0g(T 2 −
T 2OAT)− φ′ gives the simplified expressions
∂〈Jˆoutz 〉
∂g
= −k0(T 2 − cos θT 2OAT)〈JˆOAT⊥ (φ′)〉, (15)
Var(Jˆoutz ) = sin
2 θVar(JˆOATz ) + cos
2 θVar(JˆOAT‖ (φ
′))− 2 cos θ sin θCov(JˆOAT‖ (φ′), JˆOATz ), (16)
where
JˆOAT‖ (φ
′) = sinφ′JˆOATx + cosφ
′JˆOATy , (17a)
JˆOAT⊥ (φ
′) = sin(φ′ + pi/2)JˆOATx + cos(φ
′ + pi/2)JˆOATy , (17b)
and Cov(Xˆ, Yˆ ) = 〈XˆYˆ + Yˆ Xˆ〉/2 − 〈Xˆ〉〈Yˆ 〉 is the symmetrized covariance of operators Xˆ and Yˆ . Substituting into
Eq. (10) we arrive at the sensitivity
∆g =
ξθ,φ′√
Nk0|T 2 − cos θT 2OAT|
≈ ξθ,φ′√
Nk0T 2
, (18)
where the above approximation holds in the T  TOAT regime and
ξ2θ,φ′ = N
Var(JˆOATθ,φ′ )
〈JˆOATpi
2 ,φ
′+pi2
〉2 , (19)
with JˆOATθ,φ′ = sin θ sinφ
′JˆOATx +sin θ cosφ
′JˆOATy +cos θJˆ
OAT
z . Optimising over θ and φ
′, achieved by optimally choosing
the beamsplitting angle and phase of BS2, gives the minimum sensitivity reported as Eq. (1) of the main text.
DERIVATION OF ANALYTIC MODEL OF SPIN SQUEEZING
In this section we provide details of the simple analytic model of spin squeezing reported in the main text and used
to derive Eq. (3).
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Linear ansatz for field operators
We assume the following ansatz, justified in Ref. [77]:
ψˆ1(r) = u1(r)aˆ1 + vˆ1(r), (20a)
ψˆ2(r) = u2(r)e
ik0zaˆ2 + vˆ2(r), (20b)
where
∫
dr |ui(r)|2 = 1 and vˆi(r) are ‘vacuum’ operators satisfying vˆi(r)|Ψ〉 = 0. This is akin to assuming that our
quantum state is of the form
|Ψ〉 =
∞∑
n1,n2=0
Cn1,n2
(aˆ†1)
n1
√
n1
(aˆ†2)
n2
√
n2
|vac〉, (21)
for complex coefficients Cn1,n2 . This assumption on the state, alongside the field operators’ commutation relations,
imply that vˆi(r) satisfy
[vˆi(r), vˆ
†
j (r)] = δij
(
δ(r− r′)− ui(r)u∗j (r′)
)
. (22)
Substituting ansatz Eqs. (20) into the pseudospin operator expressions Eq. (4) and applying vˆi(r)|Ψ〉 = 0, we obtain
the following expectations
〈JˆOATx 〉 = |Q|
(
cosϕ〈jˆOATx 〉 − sinϕ〈jˆOATy 〉
)
, (23a)
〈JˆOATy 〉 = |Q|
(
sinϕ〈jˆOATx 〉+ cosϕ〈jˆOATy 〉
)
, (23b)
〈JˆOATz 〉 = 〈jˆOATz 〉, (23c)
〈(JˆOATx )2〉 = |Q|2
〈
(cosϕjˆOATx − sinϕjˆOATy )2
〉
+ 14
(
1− |Q|2) 〈nˆOAT〉, (23d)
〈(JˆOATy )2〉 = |Q|2
〈
(sinϕjˆOATx + cosϕjˆ
OAT
y )
2
〉
+ 14
(
1− |Q|2) 〈nˆOAT〉, (23e)
〈(JˆOATz )2〉 = 〈(jˆOATz )2〉, (23f)
1
2 〈JˆOATx JˆOATy + JˆOATy JˆOATx 〉 = 12 |Q|2
〈
(cosϕjˆOATx − sinϕjˆOATy )(sinϕjˆOATx + cosϕjˆOATy ) + h.c.
〉
, (23g)
1
2 〈JˆOATx JˆOATz + JˆOATz JˆOATx 〉 = 12 |Q|
〈
(cosϕjˆOATx − sinϕjˆOATy )jˆOATz + h.c.
〉
, (23h)
1
2 〈JˆOATy JˆOATz + JˆOATz JˆOATy 〉 = 12 |Q|
〈
(sinϕjˆOATx + cosϕjˆ
OAT
y )jˆ
OAT
z + h.c.
〉
, (23i)
where
jˆx =
1
2
(
aˆ†1aˆ2 + aˆ1aˆ
†
2
)
, (24a)
jˆy = − i2
(
aˆ†1aˆ2 − aˆ1aˆ†2
)
, (24b)
jˆz =
1
2
(
aˆ†1aˆ1 − aˆ†2aˆ2
)
, (24c)
nˆ = aˆ†1aˆ1 + aˆ
†
2aˆ2, (24d)
jˆOATi = Uˆ
†
nonlinearjˆiUˆnonlinear, nˆ
OAT = Uˆ†nonlinearnˆUˆnonlinear, and the complex spatial-mode overlap Q = |Q|eiϕ is
Q =
∫
dru∗1(r)u2(r). (25)
This allows us to write Eq. (19) as
ξ2θ,φ = N
sin2 θVar(JˆOATz ) + cos
2 θVar(JˆOATpi
2 ,φ
)− 2 cos θ sin θCov(JˆOATpi
2 ,φ
, JˆOATz )
〈JˆOATpi
2 ,φ+
pi
2
〉2 , (26)
= N
sin2 θVar(jˆOATz ) + cos
2 θ
(
|Q|2Var(jˆOATpi
2 ,φ+ϕ
) + 14
(
1− |Q|2) 〈nˆOAT〉)− sin(2θ)|Q|Cov(jˆOATpi
2 ,φ+ϕ
, jˆOATz )
|Q|2〈jˆOATpi
2 ,φ+ϕ+
pi
2
〉2 , (27)
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where jˆOATθ,φ = sin θ sinφjˆ
OAT
x +sin θ cosφjˆ
OAT
y +cos θjˆ
OAT
z . A non-zero phase ϕ induces a drift of the overall pseudospin
vector along the equator of the Bloch sphere, which reduces the average pseudospin length, and consequently the degree
of squeezing. Explicitly,
〈JˆOATpi
2 ,φ+
pi
2
〉 = cosφ〈JˆOATx 〉 − sinφ〈JˆOATy 〉 = |Q|
(
cos (φ+ ϕ) 〈jˆOATx 〉 − sin (φ+ ϕ) 〈jˆOATy 〉
)
≤ N2 . (28)
We can compensate for this via the choice φ = −ϕ, which centers the state along the Jx-axis. This optimal choice of
φ gives spin squeezing parameter
ξ2θ,−ϕ = N
sin2 θVar(jˆOATz ) + cos
2 θ
(
|Q|2Var(jˆOATy ) + 14
(
1− |Q|2) 〈nˆOAT〉)− sin(2θ)|Q|Cov(jˆOATy , jˆOATz )
|Q|2〈jˆOATx 〉2
. (29)
One-axis twisting due to interatomic interactions
In order to compute the expectation values in Eq. (29), we now derive a simplified model for the BEC evolution
between pulses, Uˆevo(t, t0). Substituting ansatz Eqs. (20) into Hamiltonian Eq. (7) and neglecting operators vˆi(r) and
the kinetic energy term:
Hˆ ≈ Hˆ(t) = ~χ11(t)nˆ1(nˆ1 − 1) + ~χ22(t)nˆ2(nˆ2 − 1) + 2~χ12(t)nˆ1nˆ2,
= ~χ(t)jˆ2z + ~(χ11(t)− χ22(t))(nˆ− 1)jˆz − 12~(χ11(t) + χ22(t))nˆ+ 14~(χ11(t) + χ22(t) + 2χ12(t))nˆ2, (30)
where nˆi = aˆ
†
i aˆi, nˆ = nˆ1 + nˆ2, and χ(t) = χ11(t)+χ22(t)−2χ12(t) with χij(t) = gij2~
∫
dr |ui(r, t)|2|uj(r, t)|2. Although
we have neglected the kinetic energy term from Hamiltonian Eq. (7), we still account for the effect of the kinetic energy
via the time-dependence of ui(r, t), which we impose a posteriori (e.g. by identifying |ui(r, t)|2 as the normalized
condensate density of state |i〉, determined via solution of the GPE). This does neglect a relative phase shift accrued
between the two modes during free propagation. However, the symmetry of the interferometer ensures that this overall
phase shift is zero at the output.
For our analytic model we work within the SU(2) algebra where the total atom number nˆ is a constant of motion.
The third and fourth terms in Eq. (30) therefore have no effect on the evolution and can be neglected. The second term
in Eq. (30) results in a rotation about jˆz. However, since χ11(t) ≈ χ22(t) for the |F = 1,mF = 0〉 and |F = 2,mF = 0〉
hyperfine states of 87Rb, this rotation will be negligible. More generally, the rotation could be compensated for by
including an additional phase shift on BS2. Therefore, the Hamiltonian Eq. (30) approximately corresponds to the
OAT Hamiltonian HˆOAT(t) = ~χ(t)jˆ2z , giving
Uˆevo(t, t0) ≈ UˆOAT(t, t0) = exp
[
− i
~
∫ t
t0
dt′HˆOAT(t′)
]
= exp
[
−iλ(t, t0)jˆ2z
]
, (31)
where λ(t, t0) ≡
∫ t
t0
dt′χ(t′).
Our scheme uses two periods of OAT evolution, separated by a pi-pulse (operations 2-4 above). This formally
corresponds to a single period of OAT evolution UˆOAT(2TOAT, 0) = exp[−iλ(2TOAT, 0)jˆ2z ]. To see this, first note that
Uˆ†pi,0jˆzUˆpi,0 = −jˆz. Then
UˆOAT(2TOAT, TOAT)Uˆpi,0UˆOAT(TOAT, 0) = Uˆpi,0Uˆ
†
pi,0e
−iλ(2TOAT,TOAT)jˆ2z Uˆpi,0e−iλ(TOAT,0)jˆ
2
z
= Uˆpi,0e
−iλ(2TOAT,TOAT)[Uˆ†pi,0 jˆzUˆpi,0]2e−iλ(TOAT,0)jˆ
2
z
= Uˆpi,0e
−i[λ(2TOAT,TOAT)+λ(TOAT,0)]jˆ2z . (32)
The unitary Uˆpi,0 can be neglected since it has no meaningful effect on the interferometer sequence; it is equivalent to
an additional pi phase shift on BS2 which can be compensated for by redefining θ → θ + pi. The remaining unitary
clearly corresponds to a single period of OAT evolution from t = 0 to t = 2TOAT, since λ(2TOAT, TOAT)+λ(TOAT, 0) =
λ(2TOAT, 0).
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Derivation of minimum spin squeezing parameter, Eq. (3) of main text
We have shown that Uˆnonlinear ≈ UˆOAT(2TOAT, 0)Uˆpi/2,−pi/2 and are now in a position to calculate the expectations
in Eq. (29). Denoting λ ≡ λ(2TOAT, 0), OAT evolves the pseudospin operators as [59]
jˆOATx (λ) =
1
2
(
jˆ
(1)
+ e
i2λ(jˆ(1)z +
1
2 ) + e−i2λ(jˆ
(1)
z +
1
2 )jˆ
(1)
−
)
, (33a)
jˆOATy (λ) = −
i
2
(
jˆ
(1)
+ e
i2λ(jˆ(1)z +
1
2 ) − e−i2λ(jˆ(1)z + 12 )jˆ(1)−
)
, (33b)
jˆOATz (λ) = jˆ
(1)
z , (33c)
where jˆ
(1)
± = jˆ
(1)
x ±ijˆ(1)y and the superscript ‘(1)’ signifies that expectations of these operators are taken with respect to
the state immediately after the first beamsplitter. i.e. jˆ
(1)
i = Uˆ
†
pi/2,−pi/2jˆiUˆpi/2,−pi/2. Since this state is a jˆx eigenstate,
we obtain the following expectations [59]
〈nˆ〉 = N, (34a)
〈jˆOATx 〉 =
N
2
cosN−1 λ, (34b)
〈jˆOATy 〉 = 0, (34c)
〈jˆOATz 〉 = 0, (34d)
〈(jˆOATx )2〉 =
N
8
[
N + 1 + (N − 1) cosN−2(2λ)] ,
≈ N
2
8
[
1 + cosN (2λ)
]
, (34e)
〈(jˆOATy )2〉 =
N
4
[
1 + 12 (N − 1)(1− cosN−2(2λ))
]
,
≈ N
4
[
1 + 12N(1− cosN (2λ))
]
, (34f)
〈(jˆOATz )2〉 =
N
4
, (34g)
1
2 〈jˆOATx jˆOATy + jˆOATy jˆOATx 〉 = 0, (34h)
1
2 〈jˆOATx jˆOATz + jˆOATz jˆOATx 〉 =
1
2
∂
∂λ
〈jˆOATy 〉 = 0, (34i)
1
2 〈jˆOATy jˆOATz + jˆOATz jˆOATy 〉 = −
1
2
∂
∂λ
〈jˆOATx 〉 =
N
4
(N − 1) sinλ cosN−2 λ,
≈ N
2
4
sinλ cosN λ. (34j)
Substituting these expressions into Eq. (29) gives
ξ(θ,−ϕ)2 = N 2 sin
2 θ +
[
2 + |Q|2N (1− cosN (2λ))] cos2 θ − 4QN sinλ cosN λ cos θ sin θ
2|Q|2N cos2N λ . (35)
Solving for the optimal θ gives
θsq =
3pi
2
+
1
2
tan−1
[
4 sinλ cosN λ
|Q| (cosN (2λ)− 1)
]
, (36a)
θa-sq = pi +
1
2
tan−1
[
4 sinλ cosN λ
|Q| (cosN (2λ)− 1)
]
, (36b)
which are the angles that give minimum squeezing and maximum anti-squeezing, respectively. Explicitly, the minimum
squeezing is
ξ(θsq,−ϕ)2 = N
4 + |Q|2N (1− cosN (2λ)) (1−√1 + 16 sin2 λ cos2N λ|Q|2(1−cosN (2λ))2)
4|Q|2N cos2N λ . (37)
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In the linear squeezing regime we can approximate(
1− cosN (2λ)) ≈ 2Nλ2, (38a)
16 sin2 λ cos2N λ
|Q|2 (1− cosN (2λ)) ≈
4
|Q|2N2λ2 , (38b)
cos2N λ ≈ 1, (38c)
yielding θsq ≈ 3pi2 − 12 tan−1 [2/(N |Q|λ)] and Eq. (3) of the main text.
GROSS-PITAEVSKII EQUATION NUMERICAL SIMULATIONS
Data for Q, λ, and the mean-field densities plotted in Figs 2 and 3 of the main text were generated by numerically
simulating the two component Gross-Pitaevskii equation (GPE)
i~
∂
∂t
Ψ1(r, t) =
[
H(r) + g11|Ψ1(r, t)|2 + g12|Ψ2(r, t)|2
]
Ψ1(r, t), (39a)
i~
∂
∂t
Ψ2(r, t) =
[
H(r) + g12|Ψ1(r, t)|2 + g22|Ψ2(r, t)|2
]
Ψ2(r, t), (39b)
where H(r) = − ~22m∇2 + mgz and Ψi(r, t) is the mean-field condensate wavefunction for atoms in state |i〉. We
simulated Eqs (39) using the open-source software package XMDS2 [93] with an adaptive 4th-5th order Runge-
Kutta interaction picture algorithm under the assumption of cylindrical symmetry (i.e. Ψi(r) = Ψi(r⊥, z) where
r2⊥ = x
2 + y2), thereby allowing the efficient computation of derivatives via Hankel transforms. Imaginary time
propagation [94] was used to find the GPE groundstate for a given atom number N and trapping potential V (r⊥, z) =
1
2mω⊥r
2
⊥+
1
2mωzz
2, with (ω⊥, ωz) = 2pi× (50, 50) Hz and (ω⊥, ωz) = 2pi× (32, 160) Hz for the spherical and pancake
BEC cases, respectively. Since component 1 and 2 are ideally centered around (kr⊥ , kz) = (0, 0) and (kr⊥ , kz) =
(0, 2k0), respectively, in k-space, a further computational efficiency was obtained by making the transformation
Ψ˜2(r, t) = exp(−ik0z)Ψ2(r, t) in Eqs. (39). This centers both components (kr⊥ , kz) = (0, 0), enabling simulations
with much smaller k-space grids (and therefore much fewer grid points). Explicitly, our simulations required grid
points (Nr⊥ , Nz) between (64, 256) and (160, 1024). Simulations were conducted in the freely-falling frame where
g = 0 and beamsplitters were treated as instantaneous linear transformations, as described in the main text.
TRUNCATED WIGNER STOCHASTIC NUMERICAL SIMULATIONS
The derivation of the truncated Wigner (TW) method has been described in detail elsewhere [79, 95–97]. Briefly,
the system’s evolution can be written as a partial differential equation (PDE) for the system’s Wigner function by
exploiting correspondences between differential operators on the Wigner function and the original quantum opera-
tors [98, 99]. Once third- and higher-order derivatives are truncated (an approximation that is typically valid provided
the occupation per mode is not too small for appreciable time periods [80]), this PDE takes the form of a Fokker-
Planck equation, which can be efficiently simulated by a set of stochastic differential equations (SDEs). For our case,
the TW SDEs that simulate evolution under full-field Hamiltonian Eq. (7) are
i~
∂
∂t
Φ1(r, t) =
[
H(r) + g11
(
|Φ1(r, t)|2 − 1
∆V
)
+ g12
(
|Φ2(r, t)|2 − 1
2∆V
)]
Φ1(r, t), (40a)
i~
∂
∂t
Φ2(r, t) =
[
H(r) + g12
(
|Φ1(r, t)|2 − 1
2∆V
)
+ g22
(
|Φ2(r, t)|2 − 1
∆V
)]
Φ2(r, t), (40b)
where H(r) = − ~22m∇2 +mgz and ∆V is the volume element of the simulation spatial grid. The complex fields Φi(r, t)
loosely correspond to the field operators ψˆi(r, t); formally, expectation values of some arbitrary operator function f
are computed by averaging over solutions to Eqs. (40) with the stochastically sampled initial conditions. Explicitly
〈{f [ψˆ1, ψˆ2]}sym〉 = f(Φ1,Φ2), where ‘sym’ denotes symmetric ordering. For example, 〈ψˆ†1(r)ψˆ2(r′)〉 = Φ∗1(r)Φ2(r′),
〈ψˆ†i (r)ψˆi(r)〉 = |Φi(r)|2 − 12∆V , and 〈ψˆ†i (r)ψˆ†i (r)ψˆi(r)ψˆi(r)〉 = |Φi(r)|4 − 2∆V |Φi(r)|2 + 12∆V 2 .
The initial conditions for the SDEs Eqs. (40) are randomly sampled from the Wigner distribution of the initial
quantum state. Initially, all atoms in the BEC are in internal state |1〉, which we model as a multimode coherent state
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|Ψ1(0)〉 = exp[
√
N(aˆΨ1 − aˆ†Ψ1)]|vac〉 where aˆΨ1 = 1√N
∫
drΨ∗1(r, 0)ψˆ1(r) and Ψ1(r, 0) is the GPE groundstate under
harmonic confinement, obtained via imaginary time evolution. Internal state |2〉 is entirely unoccupied and therefore
|Ψ2(0)〉 is a vacuum state. This initial condition |Ψ(0)〉 = |Ψ1(0)〉⊗ |Ψ2(0)〉 is sampled via Φ1(r, 0) = Ψ1(r, 0) + η1(r)
and Φ2(r, 0) = η2(r), where ηi(r) are complex Gaussian noises with mean zero and η∗i (rn)η
∗
j (rm) =
1
2∆δijδnm for
spatial grid points rm and rn [100].
The data shown in Fig. 3 of the main text was generated from simulations of Eqs. (40) using a simulation procedure
and parameters similar to that described for Eqs. (39). Acceptable sampling errors required the simulation of between
2,000 and 30,000 stochastic trajectories.
EFFECTIVE 1D TW STOCHASTIC NUMERICAL SIMULATIONS
Data presented in Figs 3,4, and 5 of the main text were obtained by an effective 1D TW simulation that captures
the free expansion dynamics in the radial co-ordinate via a time-dependent 1D interaction strength. Here we provide
a brief derivation of this model and provide additional details on the simulation procedure for the full interferometer
sequence used to directly compute ∆g.
Derivation of effective 1D model
For simplicity, we present this derivation for a single-component GPE, however it trivially generalizes to multiple
components and the SDEs for the TW method.
Assume that a single-component BEC is initially prepared in a cylindrically-symmetric harmonic potential with
axial and radial trapping frequencies ωz and ω⊥, respectively. If the trap is turned off then the mean-field dynamics
of the condensate are governed by the GPE
i~
∂Ψ
∂t
=
(
− ~
2
2m
∇2Ψ + V (z, t) + g3D|Ψ|2
)
Ψ, (41)
where potential V (z, t) predominantly modifies the centre-of-mass motion of the BEC in the z direction (i.e. it does
not strongly affect the expansion dynamics in the z direction). This is the operating regime of our atom interferometer.
In this regime, the BEC’s radial profile will undergo self-similar expansion when released from the trap. This motivates
the ansatz
Ψ(z, r⊥, t) = ψ(z, t)ΦTF(r⊥, t), (42)
where ΦTF(r⊥, t) =
√
ρTF(r⊥, t)eiS(r⊥,t)e−iβ(t) is the radial TF solution to the free expansion dynamics, normalized
to unity:
ρTF(r⊥, t) = max
{
2
piR⊥(t)2
[
1−
(
r⊥
R⊥(t)
)2]
, 0
}
, (43a)
S(r⊥, t) =
m
2~
b˙⊥(t)
b⊥(t)
r2⊥. (43b)
Here β(t) is a global phase factor we can choose arbitrarily and b⊥(t) scales the initial TF radius of the cloud according
to R⊥(t) = b⊥(t)R⊥(0), where the initial width R⊥(0) =
√
2µ/(mω2⊥) is determined by the chemical potential µ of
the initial TF groundstate. We determine b⊥(t) from the scaling solutions for a freely-expanding BEC released from
a cylindrically-symmetric harmonic potential [69]
b¨⊥ =
ω2⊥
b3⊥bz
, (44a)
b¨z =
ω2z
b2⊥b2z
. (44b)
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Substituting our ansatz Eq. (42) into Eq. (41), multiplying by Φ(r⊥, t) and integrating over r⊥ yields
i~
∂ψ
∂t
=
[
− ~
2
2m
∂2
∂z2
+ V (z, t) +
4g3D
3piR⊥(t)2
|ψ(z, t)|2
]
ψ(z, t)− i~
[
2pi
∫
dr⊥r⊥Φ∗(r⊥, t)
∂Φ(r⊥, t)
∂t
]
ψ(z, t)
− ~
2
2m
[
2pi
∫
dr⊥Φ∗(r⊥, t)
∂
∂r⊥
(
r⊥
∂Φ(r⊥, t)
∂r⊥
)]
ψ(z, t). (45)
The integral in the second term on the right-hand side evaluates to
i~
∫
dr⊥r⊥Φ∗(r⊥, t)
∂Φ(r⊥, t)
∂t
= ~β˙(t) +
1
6
mR⊥(0)2
(
b˙⊥(t)2 − b⊥(t)b¨⊥(t)
)
. (46)
It can consequently be set to zero by a judicious choice of β(t). The third term on the RHS of Eq. (45) is negligible
during the initial expansion dynamics, since the Thomas-Fermi profile has negligible kinetic energy. In the latter stage
of expansion when most of the interaction energy has been converted to kinetic energy, the radial and axial co-ordinates
decouple, and so this term continues to have negligible effect on the dynamics of ψ(z, t), and can be safely neglected.
We therefore arrive at an effective 1D GPE with time-dependent interaction strength g1D(t) = 4g3D/[3piR⊥(0)2b⊥(t)2],
which is determined by solving Eqs (44) in parallel with the effective 1D equation for ψ(z, t).
Simulation procedure for full interferometer sequence
The effective 1D TW method SDEs are
i~
∂
∂t
Φ1D1 (z, t) =
[
H(r) + g1D11 (t)
(
|Φ1D1 (z, t)|2 −
1
∆z
)
+ g1D12 (t)
(
|Φ1D2 (z, t)|2 −
1
2∆z
)]
Φ1D1 (z, t), (47a)
i~
∂
∂t
Φ1D2 (z, t) =
[
H(r) + g1D12 (t)
(
|Φ1D1 (z, t))|2 −
1
2∆z
)
+ g1D22 (t)
(
|Φ1D2 (z, t)|2 −
1
∆z
)]
Φ1D2 (z, t), (47b)
where ∆z is the z-grid spacing of the simulation and g1Dij (t) = 4gij/[3piR⊥(0)
2b⊥(t)2] with R⊥(0) defined above and
b⊥ determined by solving Eqs (44) in parallel. The stochastic initial conditions are Φ1D1 (z, 0) = Ψ
1D
1 (z, 0) + η1(z)
and Φ1D2 (z, 0) = η2(z), where |Ψ1D1 (z, 0)|2 = 2pi
∫∞
0
dr⊥ r⊥|Ψ1(r⊥, z, 0)|2 and ηi(z) are complex Gaussian noises with
mean zero and η∗i (zn)η
∗
j (zm) =
1
2∆δijδnm for spatial grid points zm and zn. The complex fields Φ
1D
i (z, t) allow the
calculation of expectations such as 2pi
∫∞
0
dr⊥〈ψˆ†i (r, t)ψˆi(r, t)〉 = |Ψi(r⊥, z, 0)|2 − 12∆z (i.e. the integrated density of
component i), and clearly allow the computation of means, variances and covariances of the pseudospin operators.
Simulation of the full interferometer sequence required large domains in z and large grid sizes (Nz between 1024 and
4096 grid points), with very small sampling errors achieved with averages over 10,000 trajectories. The sensitivity
was computed via Eq. (10) with the signal slope approximated as a linear finite difference: ∂〈Jˆoutz 〉/dg〉|g=g0 ≈
(〈Jˆoutz 〉|g=g0 − 〈Jˆoutz 〉|g=g0+δg)/δg. This requires two identical TW simulations with g = g0 and g = g0 + δg. Without
loss of generality, we chose g0 = 0 for all numerical calculations, which is computationally a more efficient choice
than larger values of g; physically, a large offset in g is easily accounted for by adjusting the beamsplitter phases,
as done in typical cold-atom gravimeters [5]. Choosing δg anywhere between 10−4 m/s2 and 10−10 m/s2 resulted in
approximately the same value for the sensitivity.
EFFECT OF SHOT-TO-SHOT ATOM NUMBER FLUCTUATIONS
Here we incorporate shot-to-shot atom number fluctuations into our analytic model (cf. above Section ‘Derivation
of analytic model of spin squeezing’) and show that the spin squeezing parameter weakly degrades with the size of
these fluctuations. We assume that the atom number varies according to a Gaussian distribution
P (N) =
1√
2piσ2N
exp
[
− (N −N0)
2
2σ2N
]
, (48)
where N0 and σ
2
N are the mean and variance of the distribution, respectively. Within the two-mode subspace spanned
by aˆ1 and aˆ2, we previously assumed an initial pure state |N, 0〉 (i.e. a jˆz eigenstate) in order to compute the
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expectations Eqs. (34) (n.b. aˆ1|n1, n2〉 = √n1|n1 − 1, n2〉 and aˆ2|n1, n2〉 = √n2|n1, n2 − 1〉). Here, we instead take
our initial state to be the mixture
ρˆ =
∞∑
N=0
P (N)|N, 0〉〈N, 0|. (49)
Consequently, the expectation of any operator Oˆ is
〈Oˆ〉 =
∫
dNP (N)〈Oˆ〉N , (50)
where 〈. . .〉N denotes the expectation with respect to an initial Fock state |N, 0〉 and we have taken the continuum limit
since N0  1. In the linear squeezing regime determined by approximations Eqs. (38), the fixed number expectations
directly after OAT are [cf. Eqs (23) and Eqs (34)]
〈JˆOATx 〉N = |QN |
(
cosϕN 〈jˆOATx 〉N − sinϕN 〈jˆOATy 〉N
)
≈ N2 |QN | cosϕN , (51a)
〈JˆOATy 〉N = |QN |
(
sinϕN 〈jˆOATx 〉N + cosϕN 〈jˆOATy 〉N
)
≈ N2 |QN | sinϕN , (51b)
〈JˆOATz 〉N = 〈jˆOATz 〉N = 0, (51c)
〈(JˆOATx )2〉N = |QN |2
(
cos2 ϕN 〈(jˆOATx )2〉N + sin2 ϕN 〈(jˆOATy )2〉N
− cosϕN sinϕN 〈jˆOATx jˆOATy + jˆOATy jˆOATx 〉N
)
+ N4
(
1− |QN |2
)
≈ N4 |QN |2
(
cos2 ϕNN(1−Nλ2) + sin2 ϕN (1 +N2λ2)
)
+ N4
(
1− |QN |2
)
, (51d)
〈(JˆOATy )2〉N = |QN |2
(
sin2 ϕN 〈(jˆOATx )2〉N + cos2 ϕN 〈(jˆOATy )2〉N
+ cosϕN sinϕN 〈jˆOATx jˆOATy + jˆOATy jˆOATx 〉N
)
+ N4
(
1− |QN |2
)
≈ N4 |QN |2
(
sin2 ϕNN(1−Nλ2) + cos2 ϕN (1 +N2λ2)
)
+ N4
(
1− |QN |2
)
, (51e)
〈(JˆOATz )2〉N = 〈(jˆOATz )2〉N = N4 , (51f)
1
2 〈JˆOATx JˆOATy + JˆOATy JˆOATx 〉N = 12 |QN |2
[
sin(2ϕN )
(〈(jˆOATx )2〉N − 〈(jˆOATy )2〉N)
+ cos(2ϕN )〈jˆOATx jˆOATy + jˆOATy jˆOATz 〉N
]
,
≈ − 18N3|QN |2λ2N sin(2ϕN ), (51g)
1
2 〈JˆOATx JˆOATz + JˆOATz JˆOATx 〉N = |QN |
(
cosϕN
1
2 〈jˆOATx jˆOATz + jˆOATz jˆOATx 〉N − sinϕN 12 〈jˆOATy jˆOATz + jˆOATy jˆOATz 〉N
)
≈ − 14N2|QN |λN sinϕN , (51h)
1
2 〈JˆOATy JˆOATz + JˆOATz JˆOATy 〉N = |QN |
(
sinϕN
1
2 〈jˆOATx jˆOATz + jˆOATz jˆOATx 〉N + cosϕN 12 〈jˆOATy jˆOATz + jˆOATy jˆOATz 〉N
)
≈ 14N2|QN |λN cosϕN , (51i)
where λN and QN = |QN |eiϕN are the OAT parameter and complex spatial mode overlap [Eq (25)], respectively,
for atom number N . For σN/N0  1, we do not expect the squeezing strength and mode overlap to substantially
vary from shot-to-shot. We therefore approximate λN ≈ λN0 , |QN | ≈ |QN0 |, and ϕN ≈ ϕN0 . Using Eq. (50), this
approximation allows us to derive analytic expressions for the expectations:
〈JˆOATx 〉 =
∫
dNP (N)〈JˆOATx 〉N = N02 |QN0 | cosϕN0 , (52a)
〈JˆOATy 〉 = N02 |QN0 | sinϕN0 , (52b)
〈JˆOATz 〉 = 0, (52c)
(52d)
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〈(JˆOATx )2〉 = N08
{
2 + (N0 − 1)|QN0 |2 − |QN0 |2
[
1−N0
(
1− 2N0λ2N0
)
cos(2ϕN0)
]}
+
|QN0 |2
8
[
1 +
(
1− 6N0λ2N0
)
cos(2ϕN0)σ
2
N
]
, (52e)
〈(JˆOATy )2〉 = N08
{
2 + (N0 − 1)|QN0 |2 + |QN0 |2
[
1−N0
(
1− 2N0λ2N0
)
cos(2ϕN0)
]}
+
|QN0 |2
8
[
1− (1− 6N0λ2N0) cos(2ϕN0)σ2N] , (52f)
〈(JˆOATz )2〉 = N04 , (52g)
1
2 〈JˆOATx JˆOATy + JˆOATy JˆOATx 〉 = −N04 |QN0 |2
(
N0 + 3σ
2
N
)
λ2N0 cosϕN0 sinϕN0 , (52h)
1
2 〈JˆOATx JˆOATz + JˆOATz JˆOATx 〉 = −N04 |QN0 |
(
N20 + σ
2
N
)
λN0 sinϕN0 , (52i)
1
2 〈JˆOATy JˆOATz + JˆOATz JˆOATy 〉 = N04 |QN0 |
(
N20 + σ
2
N
)
λN0 cosϕN0 , (52j)
This gives
ξ2θ,ϕ(
σN
N0
) = ξ2θ,ϕ +
N0λN0
|QN0 | sin θ [3N0|QN0 |λN0 sin θ − 2 cos θ sec (ϕ+ ϕN0)]
(
σN
N0
)2
, (53)
where ξθ,ϕ is the spin squeezing parameter in the linear squeezing regime in the limit of zero shot-to-shot atom number
fluctuations [see Eq. (27)]:
ξ2θ,ϕ = N0(1 +N0λ
2
N0) sin
2 θ +
sec(φ+ ϕN0)
|QN0 |2
[
sec(φ+ ϕN0)
(
cos2 θ + (1−N0|QN0 |2) sin2 θ
)−N0|QN0 |λN0 sin(2θ)] .
(54)
In the σN → 0 limit, the spin squeezing parameter is minimized for the choice θ = θsq = tan−1[2/(N0|QN0 |λN0)]/2
[Eq. (36a)] and φ = −ϕN0 , yielding
ξ2(σNN0 ) = ξ
2 +
3
2
N20λ
2
N0 |QN0 |2

√
4 +N20 |QN0 |2λ2N0 −N0|QN0 |λN0 − 43N0|QN0 |λN0√
4 +N20 |QN0 |2λ2N0
 1
|QN0 |2
(
σN
N0
)2
, (55)
where ξ = ξθsq,−ϕN0 is given by Eq. (3) of the main text. Since N0|QN0 |λN0 ≥ 0, the term is square brackets is
bounded from above by 1. Therefore
ξ(σNN0 ) ≤
√
ξ2 + 1|Q|2
(
σN
N0
)2
≈ ξ + 12|QN0 |2
(
σN
N0
)2
, (56)
as reported in the main text.
